We investigate the arising of an analogue of the Landau quantization from a background of the violation of the Lorentz symmetry established by a time-like 4-vector and a field configuration of crossed electric and magnetic field. We also analyse the effects on this Landau-type system subject to a hard-wall confining potential by showing a particular case where a discrete spectrum of energy can be obtained. Further, we analyse the effects of a linear confining potential on the Landau-type system. We show that a quantum effect characterized by the dependence of the cyclotron frequency on the quantum numbers of the system can arise in this analogue of the Landau system. As an example, we calculate the cyclotron frequency associated with ground state of the system.
I. INTRODUCTION
The recent discovery of the Higgs boson is finalizing a journey of incredible success of the Standard Model (SM). Nevertheless, the model depends on 19 parameters that agree with experiments, which is a signal that it is really an effective theory. However, there is the problem of the gauge hierarchy, in which the mass of the Higgs boson diverges heading towards the Planck scale. Moreover, the SM does not answer the problem of matter-antimatter asymmetry. Neutrinos appear massless in the SM, which contradicts experiments of the nineties.
By analysing the luminosity of supernovas, another problem has arisen: the discovery of the universe expansion in a accelerated mode (dark energy). A previous problem of the idea of the dark energy was observed in the galaxy rotation curves, which have been much more pronounced than that expected by taking into account the luminous mass observed in the region next to the galaxies. As being the SM not intended to describe gravitation, therefore these problems are invisible to it.
Despite the successful program of SM, the SM cannot attack the points raised above, then, it is necessary to go beyond this model. Furthermore, in the SM, the unification of the fields is still incomplete. Although the electromagnetic and weak fields have been unified in the Weinberg-Salam model [1] , the strong field is apart from them (the gauge sector of the SM is SU(3) × SU(2) × U (1) , that is, QCD + electroweak). The electroweak unification is possible to be carried out thanks to the Higgs mechanism that generates mass to intermediate bosons of the weak interaction.
A possible way of dealing with a scenario beyond the SM is the extension of the mechanism for the spontaneous symmetry breaking through vector or tensor fields, which implies that the Lorentz symmetry is violated. Kostelecký and Samuelson [2] in 1989, based on the string field theory, performed an interesting work in order that the spontaneous violation of the Lorentz symmetry can be established by non-scalar fields (vacuum of fields that have a tensor nature). On the other hand, if the spontaneous symmetry breaking is performed by a field with nonzero rank, then, it implies that the violation of the Lorentz symmetry is made by active transformations [3] . To maintain a consistent description of fluctuations around this new vacuum, it is necessary that the components of the background field to be constant. The idea behind this proposal is to investigate the presence of fields that causes the anisotropy in the spacetime, since it can affect the physical properties of the particles.
The detection of fields that comes from this breaking of symmetry can be view through a change in the kinetic properties of the particles, therefore, the breaking of symmetry induces privileged directions in the spacetime that can be measured experimentally [4] [5] [6] , and thus it can give us hints about a more fundamental theory behind the broken symmetry.
An appropriate treatment to study possible extensions of the Standard Model is to modify the Dirac theory under the influence of a Lorentz-violating background which is nonminimally coupled to a spinor [7] [8] [9] . Some examples that deal with the nonrelativistic limit of the modified Dirac theory are the spectrum of energy of the hydrogen atom discussed in Ref. [10] , an analogue of the quantum Hall effect [11] and geometric quantum phases [12] [13] [14] [15] [16] .
In this paper, we follow this line of nonminimal couplings because it enables us to go beyond the scenario established by the Standard Model. Here, an analogue of the Landau quantization based on a background of the violation of the Lorentz symmetry is established by a time-like 4-vector and a field configuration of crossed electric and magnetic field is investigated. Moreover, the effects on this Landau-type system subject to a hard-wall confining potential is analysed. Finally, we analyse the effects of a linear confining potential on the Landau-type system. We show that a quantum effect characterized by the dependence of the cyclotron frequency on the quantum numbers of the system can arise in this analogue of the Landau system. As an example, we calculate the cyclotron frequency associated with ground state of the system. The structure of this paper is: in section II, we introduce a nonminimal coupling into the Dirac equation to describe a background of the violation of the Lorentz symmetry based on fixed 4-vector and a field configuration of crossed electric and magnetic field. Then, by taking the nonrelativistic limit of the Dirac equation, we discuss a way of build an analogue of the Landau quantization based on a background established by a time-like 4-vector and a field configuration of crossed electric and magnetic field; in section III, we analyse the behaviour of the Landau-type system subject to a hard-wall confining potential; in section IV, we analyse the effects of a linear confining potential on the Landau-type system; in section V, we present ours conclusions.
II. LANDAU-TYPE QUANTIZATION
Recently, we have proposed to introduce a new term into the Dirac equation with the purpose of obtaining a Rashba-type coupling and a geometric quantum phase in the nonrelativistic limit of the Dirac equation that stem from a background of the violation of the Lorentz symmetry established by a time-like 4-vector and a field configuration of crossed electric and magnetic field [17] . This new term consists in a nonminimal coupling given by
where g is a constant, b µ is a fixed 4-vector that acts as a vector field which breaks the Lorentz symmetry and the tensorF µν (x)is the dual electromagnetic tensor, whose components arē
The γ µ matrices are defined in the Minkowski spacetime in the form [18] :
with Σ as being the spin vector. The matrices σ i are the Pauli matrices and satisfy the
In what follows, we wish to work with the cylindrical symmetry, therefore we need to introduce the covariant form of the Dirac equation in order to deal with curvilinear coordinates. By following Ref. [19] , we need to apply a coordinate transformation
and a unitary transformation on the wave function Ψ (x) = U Ψ ′ (x) in order that the Dirac equation can be written in any orthogonal system. Hence, the term iγ µ ∂ µ of the Dirac equation must be written as iγ
is the derivative of the corresponding coordinate system and the parameter h k corresponds to the scale factors of this coordinate system. For example, let us take the line element of the Minkowski spacetime in cylindrical coordinates ( = c = 1):
thus, the scale factors are h 0 = 1, h 1 = 1, h 2 = ρ and h 3 = 1. In this way, by introducing the nonminimal coupling (1), the Dirac equation becomes
It is worth mentioning that the second term of the Dirac equation (3) corresponds to a term called as the spinorial connection in which is introduced in the Dirac equation when we are dealing with the quantum field theory in curved space [20] .
Our focus is on a background of the Lorentz symmetry violation determined by a time-like 4-vector b λ = (b 0 , 0, 0, 0), then, the Dirac equation (3) can be written in the form:
where we have defined the operator π = p − i ξ, whose vector ξ is given in such a way that
δ 2k [17] .
In this section, we wish to discuss the nonrelativistic quantum dynamics of a Dirac neutral particle in the background established by the time-like vector b λ = (b 0 , 0, 0, 0) and a field configuration of crossed electric and magnetic fields. For this reason, let us we apply the Foldy-Wouthuysen approximation [18, 21] up to the terms of order m −1 . In this approach,
we need first to write the Dirac equation in the form:
where the Hamiltonian operatorĤ of the system must be written in terms of even operator ǫ and odd operatorsÔ as:Ĥ = mβ +Ê +Ô. Both even and odd operators must be Hermitian operators and satisfy the following relations: Ê ,β =Êβ−βÊ = 0 and Ô ,β = Oβ +βÔ = 0. In short, the objective of the Foldy-Wouthuysen approach [18, 21] is to apply a unitary transformation in order to remove the operators from the Dirac equation that couple the "large" to the "small" components of the Dirac spinors. We have that the even operatorsÊ do not couple the "large" to the "small" components of the Dirac spinors, while the odd operatorsÔ do couple them. Thereby, by applying he Foldy-Wouthuysen approximation [18, 21] up to the terms of order m −1 , we can write the nonrelativistic limit of the Dirac equation in the form:
Hence, from Eq. (4), the operatorsÔ andÊ arê
By substituting (7) into (6), we obtain the Schrödinger equation (for 2-spinors):
Observe that we can defined a connection 1-form A eff µ (x) from Eq. (8) in such a way that the time-like component A eff 0 (x) corresponds to an effective scalar potential and space-like component A eff (x) corresponds to an effective potential vector, that is,
Besides, we can define effective magnetic electric fields as
Based on the system of a neutral particle with an induced electric dipole moment that interacts with electric and magnetic fields, Furtado el al [22] proposed an analogue of the Landau quantization. In analogy with Ref. [22] , we have proposed recently a Landautype quantization by assuming that the fixed vector background is a time-like vector b λ = (b 0 , 0, 0, 0) and electric and magnetic fields must be determined in a such a way that the effective magnetic field given in Eq. (10) is uniform [17] . For this purpose, we have used the following field configuration [22] : E = λ ρ 2ρ
and B = B 0ẑ , where λ is a constant associated with a uniform volume electric charge density, ρ = x 2 + y 2 ,ρ is a unit vector in the radial direction,ẑ is the unit vector in the z direction and B 0 is a constant. With this field configuration, then, we have that the effective magnetic field defined in Eq. (10) is uniform and we have a Landau-type system in a background of the violation of the Lorentz symmetry. However, due to the presence of the term proportional to E 2 in Eq. (8), the field configuration above creates a problem in determining the cyclotron frequency of the system, because it can be or not a real number. Unless we introduce a scalar potential, as we did in
Ref. [17] by confining the neutral particle to a two-dimensional quantum ring, hence, this field configuration is not the best choice of building a Landau-like system.
On the other hand, a possible field configuration is
where λ m is a constant related to a uniform volume density of magnetic charges and E 0 is a constant. The magnetic field given in Eq. (11) was proposed in Ref. [23] with the aim of establish the analogue of the Landau quantization for a neutral particle with a permanent electric dipole moment. Note that this field configuration (11) gives rise to a uniform effective magnetic field in Eq. (10) and a null effective electric field given by:
thus the field configuration (11) establishes a Landau-type system in a background of the violation of the Lorentz symmetry without any problem in determining the cyclotron frequency due to the presence of the term proportional to E 2 in Eq. (8) . In this way, the Schrödinger equation (8) becomes
Note that ψ is an eigenfunction of σ 3 in Eq. (13), whose eigenvalues are s = ±1. Thereby, we can write σ 3 ψ s = ±ψ s = sψ s . Moreover, note that the operatorsp z = −i∂ z andĴ z = −i∂ ϕ [19] commute with the Hamiltonian of the right-hand side of (13), therefore, a particular solution to Eq. (13) can be written in terms of the eigenvalues of the operatorp z andĴ z
[42]:
where l = 0, ±1, ±2, . . . and k is a constant. From now on, we consider k = 0 in order to describe a planar system. Substituting the solution (14) into the Schrödinger equation (13), we obtain the following radial equation:
where we have defined in Eq. (15) the parameters:
Let us perform a change of variables given by ξ = gb 0 λmE 0 2 ρ 2 . In this way, the radial equation (15) becomes
In order that a regular solution at the origin can be obtained, the solution to the second order differential equation (17) can be given in the form:
where M s (ξ) is an unknown function. Substituting (18) into (17), we obtain the following second-order differential equation:
Equation (19) is the Kummer equation or the confluent hypergeometric function [24] .
In order to obtain a solution to Eq. (19) which is regular at the origin, we consider only the Kummer function of first kind given by M s (ξ) = M |γs| 2
. Moreover, a normalized radial wave function can be obtained if we impose that the hypergeometric series becomes a polynomial of degree n (n = 0, 1, 2, . . .). This makes the radial wave function to be finite everywhere [25] . Hence, a finite radial solution to Eq. (19) can be achieved when the parameter 
where the corresponding to the angular frequency or the cyclotron frequency is
The energy levels (20) correspond to the analogue of the Landau levels for a spin-1/2 neutral particle based on the Lorentz symmetry violation background established by a timelike fixed vector and a field configuration of crossed electric and magnetic fields (11).
III. LANDAU-TYPE SYSTEM SUBJECT TO A HARD-WALL CONFINING PO-TENTIAL
In this section, we discuss the confinement of the Landau-type system that stems from the Lorentz symmetry violation background established by a time-like fixed vector and the field configuration given in Eq. (11) to a hard-wall confining potential. For this purpose, let us also assume that the wave function is well-behaved at the origin as in the previous section, and thus assume that the wave function vanishes at a fixed radius ρ 0 [26] [27] [28] [29] , that is,
As we have seen in the previous section, the radial coordinate is defined in a twodimensional system in the range 0 < ρ < ∞, however, if this system is also subject to a hard-wall confining potential, then, the radial coordinate becomes defined in the range 0 < ρ < ρ 0 , where ρ 0 is finite (ρ 0 < ∞). Therefore, we cannot impose anymore that the confluent hypergeometric series becomes a polynomial of degree n, since we wish to obtain a normalized wave function in the range 0 < ρ < ρ 0 . Henceforth, let us discuss a particular case where a discrete spectrum of energy can be obtained. First of all, note that the radial wave function (18) is written in form:
Based on Refs. [24] , we can take a fixed value for the parameter B = |γ s | + 1 of the confluent hypergeometric function and, as a consequence, we can consider the parameter A = |γs| 2
of the confluent hypergeometric function to be large because the product gb 0 is considered to be small. Therefore, for a fixed radius ρ 0 , the confluent hypergeometric function can be written as follows [24] :
where Γ (B) is the gamma function. Next, by applying the boundary condition established in Eq. (22), we obtain the following expression for the energy levels:
Despite the presence of an effective uniform magnetic field (12), the energy levels (25) correspond to the spectrum of energy of a Landau-type system subject to a hard-wall confining potential [28, 29] . Observe that the energy levels (25) ) are parabolic with respect to the quantum number n in contrast to the analogue of the Landau levels in Eq. (20) in which are nonparabolic with respect to the quantum number n. The discrete spectrum of energy (25) is obtained due to the assumption that the parameters of the violation of the Lorentz symmetry are small, that is, the product gb 0 is small. If this product would not be small, then, the discrete spectrum of energy (25) could not be determined.
IV. LANDAU-TYPE SYSTEM SUBJECT TO A LINEAR CONFINING POTEN-TIAL
In recent decades, a discussion about the way of introducing a scalar potential (nonelectromagnetic potential) in a relativistic equation could be through a modification of the mass term [18, 30] has been performed. The well-known procedure is to consider an electric charged particle that interacts with the electromagnetic field and introduce a minimal coupling into the Dirac and Klein-Gordon equations, that is, a scalar potential can be introduced by modifying the momentum operator p µ = i∂ µ via relation p µ → p µ − q A µ (x). On the other hand, in Ref. [30] is shown that a scalar potential (non-electromagnetic potential) can be introduced by modifying the mass term as m → m + S ( r, t), where S ( r, t) is the scalar potential. This modification of the mass term has been explored in several topics, such as the scalar field in the cosmic string spacetime [31] , a Dirac particle in the presence of static scalar potential, a Coulomb potential [32] , the quark-antiquark interaction as a problem of a relativistic spin-0 possessing a position-dependent mass [33] and with the Klein-Gordon oscillator [34] . A particular interest in introducing a scalar potential as an additional term of the mass of the particle is in studies of confinement of quarks, such as in the bag model, since it can generalize the rest mass of the particle to the model of confinement of quarks [35, 36] . This confinement of quarks is described by a linear confining potential.
In this section, let us introduce a linear scalar potential into the Dirac equation as a modification of the mass term and investigate its influence on the Landau-type system established by the Lorentz symmetry violation background established by a time-like fixed vector and the field configuration given in Eq. (11) . Let us consider the linear confining potential given by
where η is a parameter that characterizes the scalar potential. By following the Foldy-Wouthuysen approximation [18, 21] , we should note that the even operator given in Eq. (7) is thus given byÊ = −g b 0 E 2 +β S (ρ). Thereby, the Schrödinger equation (13) becomes
By following the steps from Eq. (14) to Eq. (16), then, the Schrödinger equation (27) becomes
Let us perform a new change of variables given by r = gb 0 λmE 0 2 ρ, then, Eq. (28) becomes
where we have defined two new parameters as
The asymptotic behaviour of the possible solutions to Eq. (29) is determined for r → 0 and r → ∞. Based on Refs. [31, 34, 37, 38] , the behaviour of the possible solutions to Eq.
(29) at r → 0 and r → ∞ allows us to write the function R s (r) in terms of an unknown function H s (r) as
Substituting Eq. (31) into Eq. (29) we have
where the parameters θ and g are defined as
The second order differential equation (32) is known in the literature as the biconfluent Heun equation [31, 34, 39] , and thus the function H s (r) is the biconfluent Heun function:
Let us proceed with our discussion by using the Frobenius method [31, 40] . This method permit us to write the solutions to Eq. (33) as a power series expansion around the origin:
After substituting Eq. (35) into Eq. (32), we obtain a recurrence relation given by
By starting with d 0 = 1, then, we can calculate other coefficients of the power series expansion (35) . For example, the coeficients d 1 and d 2 are
Our focus in this section is on the bound states solutions to the Schrödinger equation (27) . Bound state solutions can be achieved by imposing that the power series expansion (35) becomes a polynomial of degree n. From the recurrence relation (36), the biconfluent Heun series (35) becomes a polynomial of degree n by imposing the following conditions [31, 34, 39] :
where n = 1, 2, 3, . . .. From the condition g = 2n given in Eq. (38), we obtain the energy levels:
where ω is the cyclotron frequency given in Eq. (21).
On the other hand, we need to analyse the condition d n+1 = 0 given in Eq. (38) and ω = ω n, l, s [34] . From this assumptions, we have that the conditions given in Eq. (38) are satisfied and a polynomial solution to the function H s (r) in Eq. (35) is achieved.
As an example, let us consider the ground state n = 1 and analyse the condition d n+1 = 0.
For n = 1, we have an angular frequency given by
and the expression for the energy level of the ground state is
Hence, the radial wave function (31) associated with the ground state is
Finally, the general expression of the energy levels (40) must be rewritten in the form:
Hence, the influence of a linear scalar potential on the Landau-type system that stems from Lorentz symmetry breaking effects gives rise to a different spectrum of energy, where the ground state is defined by the quantum number n = 1 instead of the quantum number n = 0 obtained in Eq. (20) . Besides, a quantum effect can arises in the Landau-like system characterized by the dependence of the cyclotron frequency ω on the quantum numbers {n, l, s} of the system, whose meaning is that not all values of the cyclotron frequency are allowed in order that a polynomial solution to the function H s (r) given in Eq. (35) can be obtained, and thus bound states can be achieved.
V. CONCLUSIONS
In this work, we have investigated the arising of an analogue of the Landau quantization from a background of the violation of the Lorentz symmetry established by a time-like 4-vector and a field configuration of crossed electric and magnetic field. In order to achieve the analogue of the Landau quantization, we have proposed a field configuration given by a uniform electric field perpendicular to the plane of motion of the particle and a radial magnetic field produced by a uniform volume density of magnetic charges.
We have also discussed the behaviour of the Landau-type system subject to a hard-wall confining potential. We have seen that a discrete spectrum of energy can be obtained by assuming that the parameters associated with the violation of the Lorentz symmetry are small, otherwise this discrete spectrum of energy (25)cannot be determined. In this case, the energy levels (25) are parabolic with respect to the quantum number n in contrast to the analogue of the Landau levels in Eq. (20) in which are linear with respect to the quantum number n.
Finally, we have analysed the influence of a linear scalar potential on the Landau-type system. We have obtained a spectrum of energy whose ground state is defined by the quantum number n = 1 instead of the quantum number n = 0 associated with the analogue of the Landau levels. Furthermore, a quantum effect characterized by the dependence of the cyclotron frequency ω on the quantum numbers {n, l, s} of the system can arises in this analogue of the Landau system, whose meaning is that not all values of the cyclotron frequency are allowed in order that bound states solutions can be achieved.
Note that in systems where there is the spontaneous breaking of Lorentz symmetry, the reference frame of the system is the laboratory frame. Recently, rotating effects due to the Earth rotation have been discussed [41] . On the other hand, several works [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] have investigated the effects of the violation of the Lorentz symmetry in the laboratory frame by neglecting any effect that stems from the Earth rotation. In the present work, we follow this line of research given in Refs. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and neglect any effect from rotation, therefore, the background field is invariant under particle transformations. However, in order to achieve a more realistic measure in a laboratory placed at the surface of the Earth, we should take into account the movement of the earth in relation to a nonrotating frame relative to Sun's center of mass. This kind of measurement was discussed in Ref. [41] , where it is shown that the background field becomes a time-dependent term and this should be taken into account when a measurement would be perform.
Recently, an interesting way of estimating a bound for the parameters of the Lorentz symmetry violation with the presence of crossed electric and magnetic fields was proposed in Ref. [17] based on the confinement of a neutral particle to a two-dimensional quantum ring. In the present case, it is very hard to estimate a bound for the parameters of the Lorentz symmetry violation because the magnetic field is considered to be produced by group. This general background brings a more general field settings in which the neutral particle can be submitted. In order to set a background of measurements, it is necessary to choose the better setting according to the type of measurement. We hope to bring this discussion in the near future.
